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A Study of Non-linear Tidal Propagation in 
Shallow Inlet/Estuarine Systems 
Part II: Theorya 
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Woods Hole Oceanographic Institution, Woods Hole, MA 02543, U.S.A. 

Received 6 June 1984 and in revised form 4 December 1984 

Keywords: tidal estuaries; numerical model; non-linear equations; tidal fiats; 
tidal friction; harmonic analysis; U.S.A. east coast 

The generation of tidal asymmetries is clarified via numerical integration of the 
one-dimensional equations for channel geometries characteristic of shallow 
estuaries. Channels without tidal fiats develop a time asymmetry characterized 
by a longer falling than rising tide. This behavior is enhanced by strong friction 
and large channel cross-sectional area variability over a tidal cycle. Resulting 
tidal currents have a shorter, intense flood and a longer, weak ebb (flood­
dominant). Addition of tidal fiats to the channels can produce a longer rising 
tide and stronger ebb currents (ebb-dominant), if the area of tidal fiats is large 
enough to overcome the effects of time-variable channel geometry. Weaker 
friction with fiats can also produce this asymmetry. 

Despite the physical complexity of these systems, essential features of 
estuarine tidal response can be recovered from one-dimensional models. 
Shallow estuaries are shown to have a system response leading to stable, 
uniform senses of tidal asymmetry (either flood- or ebb-dominated, due to 
phase-locking of forced tidal constituents), with down-channel development in 
magnitude of asymmetry. These concepts are illustrated by modeling idealized 
representations of tidal channels at Nauset Inlet, MA, and Wachapreague Inlet, 
VA, which have flood- and ebb-dominance, respectively. 

Introduction 

The tidal response of shallow inlet/estuarine systems commonly found on the U.S. east 
and Gulf coasts is characterized by the development of asymmetries in the estuarine tide. 
These asymmetries take the form of unequal duration and/or unequal magnitude of ebb 
and flood. This distortion of the estuarine tide can be represented by the non-linear 
growth of harmonics of the astronomical tidal constituents. Some inlet/estuarine systems 
(e.g. Murrels Inlet, SC, Boon & Byrne, 1981; Nauset Inlet, MA, Aubrey & Speer, 1983) 
are characterized by longer ebbs than floods and consequently a tendency for higher 
current velocities during flood (flood-dominant). Other systems (e.g. Wachapreague 
Inlet, VA, Boon & Byrne, 1981; North Inlet, SC, Nummedal & Humphries, 1978; Price 
Inlet, SC, FitzGerald & Nummedal, 1983) show the opposite duration asymmetry and 

a Woods Hole Oceanographic Institution Contribution No. 5691. 
b Present address: Center for Naval Analyses, Alexandria, VA 22311, U.S.A. 
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hence a tendency for stronger ebb currents (ebb-dominant). The different senses of 
asymmetry have importantimplications for estuarine sediment transport, dispersal of 
water column contaminants, and (over long time scales) estuarine/inlet stability. 

Some investigators of shallow inlet/estuarine systems have suggested that duration 
asymmetries are controlled by the variation in estuarine surface area relative to inlet 
cross-sectional area (e.g. Nummedal & Humphries, 1978; FitzGerald & Nummedal, 
1983). The argument is stated utilizing a spatially integrated form of the continuity 
equation and ignores the role of momentum effects in generating tidal asymmetries. 
This paper focuses on the generation of tidal asymmetries by non-linear terms in both 
continuity and momentum. The dynamics of estuarine tidal distortion are described 
through a series of numerical experiments, based on idealized estuarine geometries. 

For representative systems, the estuary is serviced by a narrow inlet and consists of a 
number of channels generally terminating in bays. The bays may consist largely of tidal 
flats or may be basins deeper than the connecting tidal channels. Separating the tidal 
channels are regions of flats exposed at low tides and islands of marsh grass which are 
occasionally overtopped at high tide. Typical channel depths, h, are 1-10m and lengths, 
L, are of the order of 1-10 km. Characteristic values for the tidal amplitude, a, suggest 
that finite amplitude effects (as indicated by the ratio, a/h) are important in these 
systems. Since the tidal wavelength, 2rc/k, is much greater than L, characteristic length 
scales are determined by estuarine geometry. The channels are long compared to their 
width, b/L4, 1, and the horizontal aspect ratio, h/b, is small. The flow may therefore be 
termed one-dimensional, although channel bends will produce locally two-dimensional 
effects (e.g. Aubrey & Speer, 1984). 

Estuaries addressed in this study are also characterized by a well-mixed water 
column and negligible freshwater inflow. Mixing is promoted by strong currents (order 
1 m s- 1) often found in estuarine channels, and by interaction of currents with a rough 
bed. In deeper basins at channel terminations, weak stratification develops during 
summer months. 

The offshore astronomical tide is composed of a discrete number of important 
constituents. Non-linear interaction between these constituents is possible in a shallow 
estuary. Field observations of estuarine tides often indicate a rich spectrum of forced 
motions (e.g. Aubrey & Speer, 1985) ranging from high frequency (i.e. greater than 
semi-diurnal) to low frequency (e.g. fortnightly). The M 2 constituent, as the major 
constituent along the north-east U.S. coast, dominates non-linear processes within the 
estuary. This domination can be shown from theoretical arguments (e.g. Gallagher & 
Munk, 1971) as well as field observations (Aubrey & Speer, 1983). The harmonics of M 2 

are larger than compound tides produced by interaction among constituents. 
Field observations (e.g. Boone & Byrne, 1981; Aubrey & Speer, 1984b) and theoretical 

work (e.g. Kreiss, 1957; Dronkers, 1964; Pingree & Griffiths, 1979) have shown that the 
interaction of M 2 and its first harmonic, M 4 , explains the general features of observed 
tidal asymmetries. The type of tidal distortion (flood-dominant vs. ebb-dominant) 
depends on the relative phasing of M 4 to M 2 • Defining the M 2 and M 4 constituents (sea 
surface or velocity) as 

the relative M 2-M4 phase is: 

AM
2 

= a 1 cos(ro1t-81) 

AM. = a2 cos(ro2t-82 ), 

- --- - - -----
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Figure 1. Channel geometry with tidal flats included. ~(x,t) is the sea surface elevation 
at point x and timer. 

Model formulation 

A trapezoidal geometry is used to represent estuarine channels where width generally 
increases with elevation above the bottom (Figure 1). We consider the tidally driven 
problem and focus on common cases where sea level fluctuations, a, are of the same order 
as the water depth, h (e.g. Kjerfve, 1975). 

One-dimensional equations of motion assume hydrostatic pressure, level sea surface 
across channel, small horizontal aspect ratio (h/b<i: 1), and long, narrow channels 
(b/L <i, 1). In real estuaries, these assumptions will be violated locally. Channels with 
large bedforms and shallow depths may depart from purely hydrostatic conditions. 
Strong channel curvature (e.g. flow around bends) may violate assumption two. This 
two-dimensional effect is generally localized, affecting secondary circulation, shear stress 
and sediment transport patterns in the vicinity of the bend (Smith & McLean, 1983). 
The present work examines the response to tidal forcing of the entire estuarine channel. 
Assumptions 3 and 4 hold for many estuaries of interest. 

The model dynamics are expressed in terms of cross-sectional flux U(x,t), cross­
sectionally averaged velocity u(x,t), and sea surface elevation, s(x,t). The equations of 
motion governing one-dimensional flow are: 

as 1 a 
-+--U=O 
at b ax 

au a uz as tb 
-+--=-gA---P 
at ax A ax p 

(1) 

(2) 

where tb = average shear stress on solid boundaries, P = wetted perimeter; A = 
channel cross-sectional area, and b = channel width. 

The friction term in (2) includes sidewall friction by considering channel sidewalls in 
the wetted perimeter. The problem is closed mathematically by formulating friction as 
follows: 

pfiUIU 
tb=---

A·A (3) 

wherej = dimensionless friction factor. Principal non-linear effects in equations (1), (2) 
and (3) enter through quadratic friction, advection of momentum, and tidal interactions 
with estuarine geometry in the continuity equation. 
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Important physical elements of these systems are tidal flats, which can occupy a sig­
nificant fraction of the total estuarine surface area (e.g. FitzGerald & Nummedal, 1983). 
They may be incised with shallow channels which are active during only a portion of the 
tidal cycle. Obviously, a one-dimensional model cannot handle the presence of several 
distinct channels across a channel section. Throughout most of the estuary, however, 
tidal flats serve mainly to store water as opposed to transporting momentum. Since 
bottom friction substantially weakens the velocity as water moves~away from the main 
channel onto the flats, an approximation of the effect of tidal flats can be included solely 
in the continuity equation. This idealization neglects dissipation of the tide as water 
flows across the flats, as well as the dissipative effect of low velocity fluid draining into 
the ebbing channel flow from tidal flats during falling tide. The latter effect can be 
modeled by including a lateral inflow term in the momentum equation (e.g. Dronkers, 
1964; Speer, 1984). 

A model estuarine channel is composed of a momentum transporting portion of max­
imum width, b0 , and a storage region of initial width, 2b1 (Figure 1). The slope of the 
storage region, tan9, is equal to L.h/bt> where L.h represents the difference between total 
channel depth and the depth at width b0 • The effects of tidal flats enter through the con­
tinuity term, (1/b) iJU/ox, where b is the total width including flats. Equations (1) and (2) 
constitute an initial-bou~dary value problem with initial conditions: 

U(x,O) = 0 
s(x,O) = 0 

Boundary conditions include a condition of no flux into solid boundaries and a 
specified forcing at the channel open boundary: 

U(L,t) =0 
s(O,t) = a cos rot 

Boundary forcing for the problem consists of the M 2 constituent. In principle, the 
modeling can include an input spectrum consisting of the other important astronomical 
constituents (e.g. 01> Kp S2 , N 2 ). However, many features of estuarine channel response 
to tidal forcing are revealed by concentrating on M 2 • Ter-diurnal compound con­
stituents (e.g. MK3 , M03) do not produce duration asymmetry, and quarter-diurnal 
compound constituents (e.g. MS4 , MN4 ) have smaller amplitudes than M 4 (Aubrey & 
Speer, 1985). 

Numerical integration of equations (1) and (2) is carried out with an explicit time­
stepping finite difference model (e.g. Teubner & Noye, 1978; Prandle, 1980; Uncles & 
Jordan, 1980; Speer, 1984). Sea surface and transport are spatially staggered with width 
and depth defined at sea surface grid points. Time derivatives are replaced by forward 
time steps, spatial derivatives by centered differences. The model uses 28 grid points 
·along channel. The accuracy and stability of the numerical scheme is discussed in Speer 
(1984). The formal accuracy of the numerical scheme is approximately 0(6 t, L.x2

). The 
procedure in model runs was to time-step a particular experiment until a periodic 
solution was obtained. Amplitudes and phases of harmonics (sea surface and velocity) 
were determined by harmonic analysis of the solutions for u and S· Additionally, terms 
in the equations of motion were harmonically analysed to examine mechanisms for 
particular cases of non-linear tidal distortion (Speer, 1984). 
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Results 

Numerical experiments conducted in this study fall into two classes: 

(1) Tidal propagation in channels with constant mean width and depth (along the 
length of the channel), both with and without flats. 

(2) Tidal propagation in channels with geometries characteristic of two real estuaries. 

Each experiment was examined for the sense of tidal asymmetry, and for the phasing and 
rate of growth of harmonics, particularly the first harmonic (M4 ). 

The first class of numerical experiments is similar in philosophy to a number of 
analytical efforts which have examined aspects of tidal propagation in channels (e.g. 
Kreiss, 1957; Gallagher & Munk, 1971; Kabbaj & Le Provost, 1980). Previous examples 
are limited to cases of simple constant width and depth rectangular channels, and the 
ratio a/ h ~ 1. In fact, as previously discussed, natural estuarine channels tend to have 
widths which vary with depth. To include this feature, cases where a/his not constrained 
to be much less than one, and the presence of tidal flats, numerical integration of the 
equations is necessary. 

The second class of experiments adds features characteristic of natural estuarine 
systems. These experiments compare two inlet/estuarine systems (Nauset Inlet, MA and 
Wachapreague Inlet, VA) with different tidal responses. Nauset Inlet is characterized by 
strong harmonic growth, particularly of the M 4 constituent, and an asymmetry favour­
ing longer ebbs than flood (e.g. Aubrey & Speer, 1983, 1985). Wachapreague Inlet has 
much weaker harmonic growth and an asymmetry favoring longer floods (e.g. Byrne et 
al., 1977; Boon & Byrne, 1981). Each estuary is modeled by an idealized channel which 
represents its basic geometry. 

The geometry of model runs can be described by a number of non-dimensional 
parameters. Since channel lengths are much smaller than tidal wavelengths (Lk/2n ~ 1) 
for the estuaries of interest, longitudinal length scales are not an important parameter. 
Characteristic values of the ratio a/ h range from 0·1 to 0·5 for the estuaries of interest. 
An 'amplitude dispersive' behavior in shallow water waves whh a cascade of energy into 
harmonics of the fundamental frequency is anticipated for this range of values (e.g. 
Gallagher & Munk, 1971). 

Variation in channel cross-sectional area and width over a tidal cycle is described by 
the ratios a/hand L.b/b, shown by expressions for cross-section area, A, and width, b, for 
a trapezoidal channel (without tidal flats): 

16b ~ 
A= A 0 + bo·~(l+ 2b·h) 

0 2 

A 0 = channel area at mean depth h 2 

L.b ~ 
b = b0 (1 + - ·-) 

bo hz 

(4) 

(5) 

Strong modulation of both channel area and width for non-rectangular geometries 
occurs if the ratio 6 b/ b0 is large. No variability occurs in width, of course, for the rec­
tangular case. For the non-rectangular case and a simple harmonic tide, cross-sectional 
changes will contain both the original frequency and its first harmonic at O(a/h), 
suggesting that time variable geometry may be an important source of harmonic growth. 
Because cross-sectional area and channel perimeter change at different rates over a tidal 
cycle, friction effects may be strongly modulated by geometry. 
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Figure 2. Pattern of M 4 growth in sea surface and relative M 2-M4 phase in sea surface 
for a numerical experiment without tidal flats. Note the rapid phase adjustment within . 
the first five grid points. 

The geometry of tidal flats is described by the slope of the storage banks, tan 9. Also 
the parameter CAcfAc), comparing the fractional change in the cross-sectional storage 
area CAr) vs. momentum transporting portion of the channel (A c) describes the channel 
geometry with tidal flats: 

Constant mean width/ depth problems 
Both channels with and _without tidal flats are considered. Harmonic growth depends on 
the balance between energy extracted from the fundamental frequency by non-linear 
friction, advection and continuity, and the energy lost to dissipation. For these 
geometries, friction and advection of momentum are strongest near the forcing 
boundary, however advection is relatively unimportant as an M 4 generation mechanism 
compared to friction. In contrast to friction and advection, the magnitude of non-linear 
continuity shows only a slow decline (if any) downchannel. Near the interior boundary 
little change occurs in the growth of harmonics in sea surface, and harmonics in velocity 
decrease to zero. Model runs reach an ' equilibrium ' phase relationship between M 2 and 
M 4 in both sea surface and velocity (or transport) which is determined by the channel 
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TABLE 1. Channels without tidal flats: results of numerical experiments 

Expt. ajh 6b/b0 ajh · 6b/b0 f M 4 /M/ M 4 /M/ <ll( <lJud %6H' 

lOB 0·22 0 0·02 0·005 0·016 92 75 0 
10 0·32 0 0·02 0·019 0·065 81 50 0 
lOA 0·32 0 0·00 0·002 0·010 117 84 0 
10C 0·39 0 0·02 0·019 0·065 79 55 0 
lOD 0·46 0 0·02 0·027 0·092 74 48 0 

22 0·32 0·20 0·06 0·02 0·021 0·073 76 42 1 
24 0·32 0·27 0·09 0·02 0·022 0·076 75 38 1 
24A 0·32 0·27 0·09 0·01 0·013 0·046 85 59 0 
24B 0·32 0·48 0·15 0·02 0·026 0·093 72 26 4 

13G 0·20 0·75 0·15 0·02 0·009 0·031 85 56 0 
13B 0·26 0·75 0·20 0·02 0·021 0·074 78 31 3 
13 0·32 0·75 0·24 0·02 0·037 0·124 68 11 10 
13E 0·32 0·75 0·24 0·01 0·026 0·092 75 29 3 
13F 0·32 0·75 0·24 0·00 0·008 0·026 101 73 0 
13A 0·32 0·87 0·28 0·02 0·044 0·140 65 4 16 
13C 0·39 0·75 0·29 0·02 0·040 0·132 70 17 8 
13D 0·32 0·94 0·30 0·02 0·050 0·150 65 2 19 
131 0·32 0·94 0·30 0·002 0·014 0·047 93 62 0 
13J 0·43 0·75 0·32 0·02 0·056 0·168 64 3 7 

a sea surface amplitude ratio at grid point 4 (1 km). 
bSea surface amplirude ratio at grid point 26 (6·5 km). 
'Sea surface M 2-M4 relative phase at grid point 26. 
dVelocity M 2-M4 relative phase at grid point 26. 
e% decline in tidal range at grid point 28 (7 km). 

geometry and magnitude of friction in the channel. A representative model run (Figure 
2) shows rapid adjustment in sea surface M 2-M4 phase, <I>,, near the forcing boundary 
followed by more gradual changes near the interior boundary. The ratio of sea surface 
M 4 to M 2 amplitude, (M4/M2)~, also increases rapidly near the forcing boundary before 
leveling off near the interior boundary. 

Differences exist between the model behavior described above and that of natural 
estuarine channels. Cross-sectional area can vary widely along real channels producing 
large velocities well within the estuary. As a result, friction and advection will not 
necessarily show the monotonic downchannel decline exhibited by the models. The 
advective term, although relatively unimportant in these models, can become locally 
significant in natural channels due to rapid changes in geometry (e.g. flow around bends, 
sudden channel expansions). It can, in fact, dominate friction as an M 4 generation 

·: mechanism in deeper channels with different geometries than those under consideration. 
Pingree and Maddock (1978) have shown, for example, that the advective term is more 
important than friction for M 4 generation in the English channel. 

Channels without tidal flats 
Numerical experiments are presented in terms of increasingly time variable channel 
cross-sectional area as shown by the parameter, a/h · 6b/b0 (Table 1). This non­
dimensional parameter is strictly geometrical, indicating the variability of channel cross­
section area over a tidal cycle. Since channel area enters into both dynamical terms and 
the non-linear continuity term, a large value of this parameter can indicate the possibility 
of a strongly non-linear tidal response. It is not, however, a fundamental measure ofthe 
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non-linearity of the. long wave (or shallow water) equations, which is provided by the 
ratio of wave particle velocity, u, to wave phase ve"locity, c. For long waves, this .ratio 
equals a/ h, the non-dimensional wave amplitude. The condition of linearity for long 
waves requires that u/c~ 1. If the ratio is small, a large value of 6b/b0 will have no 
impact on the non-linear development of the tide. Because a/h is large for these 
examples, channel geometry will influence the tidal response. 

All mod~l runs produced time asymmetries characterized by a longer falling than 
rising tide. The maximum time asymmetry of this type for a given ratio (M4/M2)~, is 
produced by an M 2-M4 relative phase,$~ of +90°. As shown in Table 1, $~ranges 
approximately 30° on either side of 90°, The sense of time asymmetry is determined by 
the M 2-M4 phase, and its magnitude by the M 4 /M2 ratio. Results from the experiments 
show (M4/M2)~ depends strongly on geometry and friction characteristics of the 
channel. In general, more time-variable geometry and strong friction produce larger 
M 4 /M2 ratios. The increase in this ratio is dominated by growth in M 4 as opposed to a 
decrease in M 2 • 

These numerical examples also produce little decline in tidal range except for cases of 
strongly time-variable channel cross-section area (e.g. experiments 13, 13A, 13D). This 
behavior is expected considering the linear problem (e.g. Dronkers, 1964), which shows 
friction in a rectangular channel is not effective in reducing tidal amplitude over the 
short channel length scales considered. 

Mean velocity exhibits more variability in M 2-M4 phase than does sea surface. If M 4 

is in phase with M 2 in velocity ($.~0°), the case of short, strong floods versus long, 
slow ebbs occurs (e.g. experiments 13A, 13D). From a strict continuity argument, this 
situation results when falling tide exceeds 'rising tide in duration. Experiments approxi­
mating this phase relationship are characterized by both strong friction and time 
variable channel geometry. All cases showed greater harmonic growth in velocity than 
in sea surface (i.e. large M 4 /M2 ratios). Experiment 13 (Table 1, Figure 3) shows that 
whereas M 4 steadily grows in amplitude for sea surface, it first increases and then 
declines in mean velocity. Initially, non-linear processes pump more energy into this 
harmonic than is removed by friction. Eventually, dissipation and the constraint on 
velocity imposed by the interior boundary condition reduce its amplitude. 

Effect of channel geometry on sea surface response is clarified by three experiments 
(Figure 4, frequency domain; Figure 5, time domain) arranged in order of increasing 
cross-sectional variability over a tidal cycle. Each experiment has the same friction factor 
(j = 0·02) and tidal forcing (a/h = 0·32). Friction and flow-geometry interactions pro­
duce an increasingly non-linear response as channel cross-sectional area becomes more 
time-variable. The phase relationship between M 2 and M 4 in each case (Table 1) leads to 
falling tide exceeding rise tide in duration, with the asymmetry increasing downchannel. 
The distortion of the tide at the model's interior boundary for three examples (Figure 6) 
shows: (i) the duration of rising tide decreases with increasing 6bjb0 ; (ii) greater 
reduction in tidal range associated with increasingly trapezoidal geometry; and (iii) the 
tendency towards increased (though small) set-up (tidally-averaged) in sea surface with 
increasingly trapezoidal geometry. The greater the dissipation of the tide, the larger the 
set-up in mean sea level at the channel interior boundary. · 

Since channel cross-sectional variability over a tidal cycle is a function of a/h, 
increasing this ratio leads to a more distorted tide. Similar to the geometry parameter 
6b/b0 , larger values o(ajh lead to stronger harmonics in cross-sectional area and width. 
A comparison of the results of experiments 24B and 13G (Table 1) emphasizes that a/h 



Non-linear propagation: theory 215 

4 

3 

N 2 
E 
u 

0' 

E 
0 

-I 

n = 2 3 4 

4 

";'__ 
3 I 

"' 2 I I "-
E I , u 

1 I 0' 

E 0 I . 
-I I \ 

n = I 

Figure 3. Periodogram derived from harmonic analysis of numerical solution for model 
run 13. Top panel is sea surface at three grid points, bottom is velocity at the same 
points. The numbers along the horizontal axis refer to M 2 and its harmonics (i.e. 
1 = M 2; 2 = M 4 ; 3 = M 6; 4 = M 8). --,grid point 1; ---.grid point 9;- ·-,grid 
point 18. 

4 

3 

2 

0 

-I 

N 

E 
u 

0' 
0 

4 

3 

2 

0 

-I 

n = 

n = 

I I 

I I I . 
I ! 
I I 
I 

I ' I I I . 
I ! 
I I 
I 

Grid point 4 (0·75 km) 

Grid point 26 (6·5 km) 

Figure 4. Periodogram of sea surface for three model runs at two different grid points. 
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Figure 6. Distortion of velocity as a function of channel geometry. The velocity for 
each numerical experiment is normalized by the maximum velocity developed in that 
model run.---, experiment no. 10; --, 24;- · -, 13D. 

exerts a fundamental control on non-linearity in estuarine tidal response. Although the 
two experiments have approximately the same value of the parameter, a/h · l:,.b/b0 , 

experiment 24B has the larger a/h ratio and consequently the more non-linear tide. 
Channel geometry effects are only important if a/his sufficiently large. 

Most of the experiments were run with friction factors of0(10- 2
). Estimates of fric­

tion factors in shallow estuaries with strong tidal flows, large bedforms, and high 
sediment transport rates are of this magnitude (e.g. Swift & Brown, 1983; Speer & 

~· 

Aubrey, in prep.). Distortion of the tide at the model's interior boundary as a function of .'-" 
friction (Table 1: experiments 131, 13E, 13) shows a pattern similar to that produced by 
increasing the magnitude of the geometry parameter. Friction factors of 0(10- 5

) cause 
negligible tidal decay and produce little harmonic growth in the short channels under 
consideration, even for strongly trapezoidal geometries (experiment 131). 

It has been stated that quadratic friction produces only odd harmonics (i.e. M 6 ) and 
that even harmonics (i.e. M 4 ) are produced by non-linear continuity and advection 
(e.g. Hamilton, 1978). Analytical models employing perturbation schemes to include 
quadratic friction find odd harmonics generated by friction to second order in non­
dimensional wave amplitude if a time-invariant friction factor is used (e.g. Gallagher & 
Munk, 1971; Kabbaj & Le Provost, 1980): 
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(6b) 

where E represents a non-dimensional measure of current amplitude. Higher order 
interactions [i.e. 0(E 3

)] between the fundamental frequency and its harmonics are not 
calculated in analytical models. In fact, as Gallagher and Munk (1971) point out, the 
even harmonics can be modified considerably by higher order frictional interactions. 
Numerical results presented here and those of other numerical experiments (e.g. Pingree 
& Maddock, 1978; Prandle, 1980) show the importance of friction in generating both 
~ven and odd harmonics. This is important because even harmonics (M4) produce the 
time asymmetries. 

Increased channel cross-section variability, non-dimensional tidal forcing and friction 
also lead to an increasingly distorted mean velocity. Increasing the geometry parameter, 
a/h · L.b/b0 , while keeping friction cpnstant, increases the magnitude asymmetry and the 
duration of ebb (Figure 6). The experiments with a phase, <I>., approximately zero are 
also characterized by the strongest harmonic growth in sea surface and longest falling 
tides. 

Harmonic analysis of non-linear terms reveals that friction and continuity are 
responsible for producing the tidal asymmetry. The advective term is small compared to 
friction and not an important driving mechanism for M 4 in these models. In general, the 
M 4 acceleration from friction is at least an order of magnitude larger than that from 
advection. The momentum balance (and hence tidal distortion) for these model runs is 
dominated by friction and pressure gradient as is typical in these systems. 

Both friction and time-varying geometry terms drive the sea surface phase relation­
ship C<l>s) to approximately +90° or less. Strong friction and time-variable geometry 
produce a sea surface phase of ~ 65° and velocity phase ~ oo, as well as strong harmonic 
growth. Reducing friction for the same variable geometry changes phase relationships 
dramatically. Similarly, making the geometry less variable while keeping the same fric­
tion causes large phase changes. Both changes also have the effect of reducing harmonic 
growth (see Speer, 1984). 

Channel with tidal fiats 
These experiments add tidal flats to some of the channel geometries previously described 
(Table 2). The manner in which tidal flats are introduced causes a discontinuity in 
the channel geometry with a sharp break between transported and stored fluid. Three 
geometries from the first group of experiments (10, 13, 13A) were utilized to assess the 
effects of tidal flats. The experimental results both in terms of phase and harmonic 
growth show a different pattern than the previous examples. In general, patterns of 
harmonic growth are more complex for these cases (the complexities will be discussed 
later), but certain trends can be derived. 

In some of the experiments, the relative sea surface phase, <l>s, is greater than+ 180°, 
indicating a longer rising tide than falling tide (and contrasts with the previous experi­
ments). The channel characteristics include lower time-variability in channel cross­
section and larger values of Ar/ Ac (area of flats/area of channel). In general, trapezoidal 
channels with relatively small tidal flats show phases, <l>s, between + 100° and + 180°, 
indicating a longer falling tide. All experiments show a greater adjustment in <l>s than the 
previous experiments. In every example, falling tide exceeds rising tide in duration near 
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TABLE 2. Channels with tidal flats: results of numerical experiments I~ 
~ 

Expt. a/h !':,bfbo ajh: 6b/b0 tan!l Ar/A, f M4/Mz" M4/M/ <I>( <I>." %6He I~ 
"' "' ... 

11 0·32 0 0·0025 4·41 0·0200 0·073 0·265 207 215 12 ~ 
12 0·32 0 0·0025 4·41 0·0100 0·071 0·242 217 225 2 ~ 
llB 0·32 0 0·0050 2·60 0·0200 0·046 0·166 209 223 4 c;; 
llA 0·32 0 0·0075 2·00 0·0200 0·033 0·114 213 231 2 :A 25 0·39 0 0·0025 4·41 0·0200 0·068 0·248 199 216 25 ;::: 

25A 0·45 0 0·0025 4·41 0·0200 0·080 0·226 192 232 36 o-... 
14A 0·32 0·75 0·24 0·00125 5·00 0·0200 0·072 0·251 193 222 45 

~ 

14 0·32 0·75 0·24 0·0025 2·75 0·0200 0·085 0·175 182 279 30 
14B 0·32 0·75 0·24 0·0025 2·75 0·0100 0·064 0·174 193 236 13 
14C 0·32 0·75 0·24 0·0025 2·75 0·0075 0·056 0·171 199 230 7 
17 0·32 0·75 0·24 0·0075 1·25 0·0200 0·055 0·075 131 332 16 
19 0·32 0·75 0·24 0·0075 1·25 0·0100 0·031 0·053 144 310 8 
17B 0·32 0·75 0·24 0·0150 0·62 0·0200 0·033 0·085 81 345 7 

23A 0·28 0·875 0·245 0·0075 1·08 0·0200 0·039 0·060 128 329 14 
23 0·32 0·875 0·28 0·0075 1·25 0·0200 0·064 0·085 117 336 21 
23B 0·32 0·875 0·28 0·0025 2·75 0·0200 0·089 0·162 167 309 38 

"Sea surface amplitude ratio at grid point 4 (1 km). 
•sea surface amplitude ratio at grid point 26 (6·5 km). 
'Sea surface M 2-M4 relative phase at grid point 26. 
dV elocity M 2-M4 relative phase at grid point 26. 
e% decline in tidal range at grid point 28 (7 km). 

·l 
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Figure 7. Adjustment in sea surface M 2-M4 phase for model run 11 (compare with 
Figure 2). Below the dashed line, time asymmetry is characterized by a longer falling 
tide; above the line by a longer rising tide. 

the forcing boundary (<I>~< 180°). Where tidal flats are important, this inequality is 
reversed moving downchannel (compare Figures 2 and 7). Thus, large storage regions 
adjacent to the channel can produce a duration asymmetry characterized by a longer 
rising tide. 

Harmonic growth and particularly the relative J.?hase of M 4 in sea surface depend on 
the size of tidal flats, time variability of channel geometry and the level of friction. The 
first six experiments listed in Table 2 involve rectangular (i.e. 'weakly' time-variable) 
!:hannels with different tidal flat areas and levels of friction. The geometry is similar to 
experiment 10 (Table 1) which has a longer falling than rising tide (<I>~ ~.+80°). The 
addition of tidal flats to this channel geometry results in a longer rising tide (i.e. <I>~ 

between 180° and 360°). As the channel geometry becomes more time-variable (through 
larger a/h), the phase approaches 180°. For these experiments, a longer falling tide at the 
model's interior boundary does not occur. 

The spectral structure of sea surface at grid point 26 and velocity at grid point 12 for 
experiments 10, 11 and 11A shows that the tidal flats experiments have a more non-linear 
response (Figure 8). The vigorous harmonic growth is caused by the larger velocities 
associated with experiments 11 and 11A. Harmonic analysis of the primary non-linear 
forcing terms, friction and continuity, for experiments 10 and 11A reveals the difference 
in non-linear response. With large dissipation of both mean velocity and sea surface near 
the forcing boundary, the continuity term in llAdrives strong M 4 and M 6 constituents. 
This term is a weaker source of non-linear forcing in experiment 10. Conversely, the 
friction term in experiment 10, while having a smaller absolute magnitude, nevertheless 
is a more non-linear term as measured by the M 4 /M2 ratio. 

The next group of experiments listed in Table 2 introduces the effects of more time­
variable channel geometry with variable friction and tidal flat area. The channel 
geometry is essentially the same as that used in experiment 13 (Table 1). Tidal asym­
metries developed in these experiments reflect the conflicting effects of time-variable 
channel geometry in continuity and momentum tending to drive a longer falling tide and 
the presence of tidal flats in continuity driving a longer rising tide. As a result, a variety 
of channel responses including both types of time asymmetry is found. Sea surface 
phase adjustment between M 2 and M 4 can be substantial, particularly for experiments 
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Figure 8. Periodogram of sea surface and velocity for three models showing the 
effect of increasing tidal flats area on the spectrum of the estuarine tidal response. 
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involving a mixture of large tidal fiats and strongly time-variable geometry (e.g. 
experiment 14). The phase relationship of both sea surface and mean velocity shown in 
Table 2 is taken from near the interior model boundary and indicates the sense of tidal 
asymmetry the model is developing. 

In general, most of these experiments have a longer falling tide (<I>~ < 180°), although 
the actual phase is quite different from experiment 13. The size of tidal fiat area has an 
important effect on the type oftidal asymmetry. Sea surface at grid point 26 for experi­
ment 14 shows little time asymmetry, although considerable distortion is present. If 
the amount of tidal fiat area is increased, the example of a longer rising tide is found 
(experiment 14A). Conversely, as the area of tidal fiats declines, the behavior of 
the model becomes more similar to experiment 13, as one would expect (compare 
experiments 17B and 13). 

The final three experiments listed in Table 2 also emphasize the interaction of 
channel geometry and tidal fiats. The larger ratio of 6.b/b0 indicates greater time­
variability of channel geometry. The channel geometry is the same as experiment 13A 
(Table 1). For these examples, the effects of variable channel geometry dominate the 
tidal response even if the tidal fiat area is large (experiment 23A). The result is that all 
three examples have a tidal asymmetry characterized by a longer falling tide. 

The magnitude of friction within a channel affects its tidal asymmetry, as seen by 
comparing experiments 14, 14B and 14C, where the friction factor was reduced while 
the geometry remained the same. Harmonic growth in sea surface increases slightly 
with increasing friction and the amount of tidal dissipation increases dramatically. 
The M 2-M4 phase of sea surface shifts from a nearly symmetrical tide in experiment 
14 to a longer rising tide as the level of friction decreases (Table 2). The level of 
friction cannot be reduced low enough to produce this result. Shallow estuaries with 
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strong tidal flows will be characterized by friction factors of approximately 10- 2 as 
opposed to the values of 1-2 x 10- 3 widely used in estuarine and shelf models. 

Although the modeling focused on the estuarine response to pure M 2 forcing, the 
effects of harmonics introduced in the boundary conditions were studied. The import­
ance of estuarine geometry in determining tidal distortion must be compared with the 
role of harmonics entering the estuary through the inlet. Tidal harmonics can be 
generated on ebb-tide deltas (shallow platform shoals located oceanward of the inlet). 
Field evidence suggests that phase relationships and amplitudes of harmonics are 
modified as the tide propagates into the estuary (Robinson et al., 1983; Aubrey & 
Speer, 1983). At Nauset, pressure sensor records from the ebb-tide delta indicate 
different sea surface M 2-M4 phase than within the estuary (<I>~; ebb delta ~ 30°; <I>~; 

estuary ~ 63°). 
To examine M 4 boundary forcing in a model estuarine channel two different values of 

<I>~; (64°, 179°) in the boundary condition were applied to the geometry of experiment 13 
(Table 1). Introduction of a small amount of M 4 (M4 /M2 = 0·033) at a compatible phase 
in the forcing boundary condition eliminates the rapid estuarine phase adjustment and 
results in slightly greater M 4 growth. The phase, <I>~;, at the model's interior boundary is 
close to that of experiment 13. In contrast, the same amount of M 4 introduced at a phase, 
<I>~;, of 179° produces a different result. The M 2-M4 phase changes dramatically, 
approaching the value of experiment 13 near the model's interior boundary, and the 
amplitude of M 4 first declines before growing downchannel. Thus the channel geometry 
in the model runs exerts an important control on tidal asymmetry regardless of the 
presence of harmonics at the open boundary. 

A comparison of two different estuarine geometries 
The previous sections identified important estuarine channel characteristics forcing 
different senses of asymmetry and different rates of harmonic growth. Models described 
in this section employ geometries representative of two estuaries along the U.S. east 
coast. The first model approximates the flood-dominated main tidal channel at Nauset 
inlet/estuary (MA). The second represents an ebb-dominated estuarine channel at 
Wachapreague inlet/estuary (VA). These numerical experiments do not attempt to pre­
dict conditions at the estuaries in question, since their complexity cannot be reproduced 
adequately by one-dimensional models. Geometry parameters used in the previous 
sections represent the general features of channels in these two estuaries. 

Nauset Inlet is characterized by shallow ( < 3 m) tidal channels which lead to an 
unstable inlet with flood and ebb tide delta deposits. Tidal fiats along the main drainage 
channel are located near the inlet mouth and consist of flood tide delta and barrier over­
wash deposits. The total extent of tidal fiats is moderate ( "'40% of surface area) in this 
system. Nauset is modeled by a channel of constant width and depth and includes a 
region of tidal flats near the forCing boundary. The area of fiats bordering the channel 
decreases linearly to zero moving downchannel. Wachapreague Inlet is characterized by 
deeper ("' 5 m) tidal channels terminating in broad shallow bays. The bays represent 
extensive tidal flat deposits with large changes in water surface area over a tidal cycle. 
The inlet itself is stable and lacks flood tide delta deposits. Wachapreague is modeled by 
a deep channel with contracting width downchannel. Channel reaches near the interior 
boundary are bordered by large regions of tidal fiats. Since these experiments do not 
represent exact matches between prototype and model geometry, an ensemble of runs, 
varying the geometry and friction parameters over plausible ranges for each estuary, 
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Figure 9(a). Summary of the tidal response of Wachapreague model W4. Top panel is 
sea surface M 2-M4 phase adjustment. Lower panel is ratio of sea surface M 4 /M2 
amplitudes. (b) Summary of the tidal response of Nauset model Nl. Panels are the 
same as for Figure 9(a). 

was considered. A consistent estuarine tidal response over a representative range of 
parameters was obtained. Two particular cases were selected to contrast features of the 
response for the two systems. 

The models representing Wachapreague are characterized by a longer rising tide, 
stronger ebb flows and relatively weak harmonic growth [Figure 9(a)]. This result holds 
even if one allows for a trapezoidal channel geometry. The tidal response of the model is 
dominated by the presence of large tidal flat area and a relatively small a/ h ratio (- 0·11). 
Because of these factors, even strong friction (e.g. f = 0·020) is unable to produce a 
longer falling tide. If the model is run without the tidal flats, harmonic growth is weak 
and sea surface phase produces a longer falling tide. Actual field measurements at 
Wachapreague show (M4/M2)~; equals approximately 0·04 within the estuary (Boon & 
Byrne, 1981). Sea surface phase is approximately 200-220°, producing a longer rising 
tide and stronger ebb currents. The simple model described in this section reproduces 
the general features of this tidal response by focusing on the ' first order ' estuarine 
characteristics of Wachapreague. 

The models representing Nauset display strong harmonic growth, a longer falling tide 
and stronger flood flows [Figure 9(b)]. The important factors determining its tidal 
response are the large a/ h ratio (- 0· 30) which produces a strongly time-variable channel 
geometry and the moderate extent of tidal flats. The sea surface phase relationship 
( ~ 64°) indicates that the effects of channel geometry dominate the effects of tidal 
flats. Field measurements at Nauset (Aubrey & Speer, 1985) show (M2/M4 )t; is 
approximately 0·20 and ell~;, 63°. Again, a simple representation of estuarine geometry 
(shallow tidal channels with moderate tidal flat area near the forcing boundary) has 
reproduced essential features of Nauset's tidal response. 

., 
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Conclusions 

(1) Numerical integration of the one-dimensional equations clarifies M 2 tidal propa­
gation in narrow channels with tidal flats typically found in shallow estuaries along the 
U.S. east coast. Numerical results indicate that channels without tidal flats develop a 
time asymmetry characterized by a longer falling tide. This asymmetry becomes more 
pronounced with larger friction factors and increasingly time-variable channel cross­
sectional area. Currents associated with this time asymmetry tend to be stronger during 
flood than ebb. These estuarine channels are termed flood-dominant. 

(2) Addition of tidal flats to these chanilels can produce the case of a longer rising tide 
and stronger ebb currents (ebb-dominant). This time asymmetry develops if the tidal 
area is large enough to overcome the effects of time-variable channel geometry. Channels 
with relatively small values of a/hand rectangular cross-sections req1,1ire smaller tidal flat 
area to produce an ebb:..dominant asymmetry. It is difficult to parameterize the critical 
area of tidal flats which produces a longer rising tide because the modeling is only an 
approximate representation of estuarine physics, and sparse field evidence provides little 
guidance. Weaker values of friction with tidal flats can also drive the time asymmetry 
towards a longer rising tide. 

(3) Despite the physical COIJ?.plexity of shallow estuarine systems, the general features 
of tidal channels in these estuaries can be represented with simple geometries. This is 
illustrated by modeling idealized representations of tidal channels at Nauset Inlet, MA, 
and Wachapreague Inlet, VA. Over a range of geometry parameters and friction factors 
which could characterize these estuaries, essential features of the estuarine tidal response 
in sea surface can be recovered. 

(4) Field observations and model results suggest that the shallowest estuaries (a/h>0·3) 
generally will be characterized by longer falling tides and stronger flood currents unless 
extensive tidal flats are present. Deeper systems (a/h-0·1--()·2) with tidal flats will 
likely have longer rising tides and stronger ebb currents. Near-bed sediment transport 
patterns in flood-dominant estuaries will be directed up-estuary with consequent 
channel shoaling if sediment supply is adequate. Ebb-dominant estuaries may represent 
more stable configurations with stronger ebb currents able to flush coarse sediments 
entering the estuary through the inlet. The behavior of suspended sediment is more 
complex, and is currently under investigation. 

(5) The models considered here provide only qualitative information on the effects of 
tidal flats. To include these effects more accurately, the modeling must be extended to 
two dimensions (depth-integrated). Two-dimensional models solve the full momentum 
and continuity equations over the flats as well as in the channel. This enables the 
impact of tidal flats in momentum to be more carefully evaluated. Allowing greater 
cross-sectional area variability along channel and the possibility of channels in the tidal 
flats also requires a two-dimensional model. Given sufficient spatial resolution of 
estuarine geometry, two-dimensional models can also more accurately include regions 
where the advective term is of importance (e.g. channel bends, channel constrictions). 
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